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he recent financial crisis reminded
us that investing in financial
markets is risky business. It also
underlined the limitations of con

venrional, rsser allocation-b:rsed risk rnamge-
menr.trarcg es. l  he s$ r f i .  'e lenr les.orre. '  ion

in rquiry.  commod:n. . tnd rer l  e\rrre rnarkeL.
w l  a  c l e r r . r " m p l e  o f t h t  J i v e n i f i r a r : o n
bo.h geographr." l lv rnd rcro\s  ̂ser.  c la\<'
is neither a suflicient nor relirbie risk control

Du ng crises, historical correlations
ber\  een r*cr c la\ \e.  rnd rheir  vol"rr l  l  ch-

acteristics tend to break down. Asset classes
that are unconelated in nom1a1 times suddenly
becorne correlated; altermtive investments,
'elected br rhe:r  . tbr l i ty ro generrre r  pha

without beta, suddenly deliver high beta widl
l u L l e  a l p h " .  l h e o h r r (  l o . k i n g b e h , \ : o '  t l - a r
oc.urred dunng Lhe most recrnr cd'r.. coJphd
with the jump in market volatility, resulted in

dranrrrc drau-doqns'or man) Invesror '  rnd
put the spotJight on n.k mJn"gement Tncrer\
ingly, investors are realizing lhe impolr|rnce of
mi, ,gr ing rJi l  r r ,k rn o'der ro achiere long
tern rrr . 'U-renr obtectrrn. Mo.r invc'ro ' . ,  J
* im't . ]nd ar rrrual  lo. .  ot  50o or e\en lr l0 ,
buc few are able to absorb another draw down
like the one they sullered in 2008.

H'"or i '  a l ly.  plan spon.on har e rc ted on
the fi -xed-income componenr of their portfolios
..  provide prorecr ion dunng .qLiry-mrrkc

draw-downs. A bdanced portfolio has proven

to be a prudent and elGctive approach, a
Treasuries have consistently genentedposiriv
returns during periods ofmarket correctionl
But with long-term yields below 3%, ther
n clearly very limited upside potenrial to b
found in the Treasury market. Unforrunatel.
no orher asset has offered the same de-couplin
wirh equities dudng periods ofcrisis.'

Now managen must learn to effectivel
cope with systematic drk, specifically lail risl
th3r cannot be diversilled away and is increal
ingly r.rnpredictable.

ln *ris article we present a novel, cosl
effective port6lio mrmgement approrch thi
focuscs on delivering rctums with constant vol;
tility and without undue exposure to the risk (

lar tails.

TRADITIONAL TAIL-RISK
MANAGEMENT TECHNIQUES:
PORTFOLIO INSURANCE

An effective tail-risk hedge should po
sess two important characteristics: it must t
negatively corrclated to asset relurns ar
exhibn convex behavior to the upside durir
periods of market stress.

Typicafy, impiementine t:il-risk hedgir
h involved using equity put options. Unfo
tunately, the cost is often prohibitive, creatil
a significant drag on portfolio perlormanc
As an alrcrnative to purchasing put oprior
investors can also rcsort ro dynamic Portfol
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insurance strategies. The earliest dyrumic portfolio insur
ance model, proposed by Brennan and Schwartz [19791
and Rubimtein and Leland [1981], consiscs ofoverlaying
a synthetic put option on the existing portfolio, then
delta managing the overall exposure. Other dynamic

strategies include the notorious constant prcportion port-

folio insunnce, an arguably more robust approach that
Black andlones [1987] and Black and Perold i19921 have

Although all d]'nemic hedging strategies arc exposed

to some level ofgap risk, there are numerous benefits to
dynamic hedging over buying put options. These advan-

tages include no broker premiums, no uP-fronr costs,
complete flexibility ro change, adjust, or remove the
hefue, and no exposure to counterparty risk. The fact
remains, howeve! that all portfolio insurance techniques
create a signifrcant drag on portfolio performance

How can invcstors protect their potfolios against
large draw-downs without relinquishing substantial
upside? The answer lies in properly understinding and
monitoring marke. volitility.

RE-IHINKING VOLATILITY
BLACK SWANS VERSUS WHITE SWANS

V r n y  r e s e a r , h e r s  r n d  q , r a n r i t a r i r e  . t r a t e g i s r .
(including black swan enthusiast Nassim Taleb and his
dedicated followers) have long advoqated the impor
ance ofgiving greater consideration |o distribdtion tails,
caliing attention ro the fact that traditional risk man

agemert methods tyPically undercstimate tail events'

frequency andlor severity. Although the normality

assumption ofasset returns certrinly make. the meth-

ematics a lot easier, it struggles to explain the empirical

Modern portfolio theory (MPT) has been the

crux ofthe 60/40 stmtegic asset allocrtion paladigm,

which many plan sponsors employ in ore form or

another. One ofMPT\ key assumptions is that axet

returns follow a normal distribution with consiant

volrriliry. But Exhibit 1, which plots levels ofthe

S&P 500 index and its implied volatility over the hst

20 years, ciearly shows that risk measured by imPlied

volatility does not remain constant bul changes srg-

nificantly over time. over the measurcment period,

the VIX index ranged ftom less than 10% to a peak

ofmore than 80%.
The most receni financial crisis illustr.tes how

volatility's tendency to vary over time affects MPT, and

in particular the associated tail-isk assumptions. Using

the aver:ge historical voiatility ofthe S&P 500 as our

refercnce poinq the October 2008 monthly dedine in

U.S- equity markets is close to four standard deviations

away from its neighbors. Under the common assump-
cion that returns are normaly distributed, a gap offour

standard deviations has a nearly 1 in 10,000 chance of

occurring, implying that a monthly loss of thar magni-
tude should occur apptolimateiy on.e every 750 yeers

from a . taList i<: l  point of  "  iew. 'uch a rare event t .  a

E xHTBIT  1
S&P 500 Index altd VIX (1990-2011)
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The actual S&P 500 rcturns over the last 80 vears
show that occober 2008 only ranLs ninth in terms

ofworst monthly performances, implying that such a

significant draw-down n much more likelv than we

imagine. The assumption of normally distributed his-

torical returns clearly underestimates the Probability of

Two possible strategies might better characterize

and model the inherent risk in equity returns' The first

involves using complex statistical distributions based, for

eximple, on exfteme vrlue theory tb help parameterrze

true iail risk. This is a highly quntitative epproach

and represents a significant shift aq'ay fron traditional

thinking.
The second, more apperling approach is to re think

how we measure and interpret volatility rrr'ithin a tr3-

ditional mean-variance framework. We think that the

prevailing ma*et volatility level, not the historical level,

is the relevmt me:rsure lfwe use the prevailing volatilitv

level as a reGrence point, the draw down in October

2008 is m event that's closet to one standard deviation'

October 2008 becomes much les of a black swan-jusc

an undesirable white one.

THE VOLATILITY OF VOLATILITY:

A STORY OF TWO TAILS

When we consider an asset's historical return dis-

ftibution, the volatility provides us with a measure ofthe

retums' dispersion around the mean. Exhibir 2 ill$trates

two normrl distibutions The light grcy line shows a

distribution with volatility (strndard deviation) of 15% '

while the darker line shows a distribution with volatilitv

of30%. The mean return for the two distributions is

rhe same, bur the prcbability ofa large loss (or gain)

is significantly higher for the 30% volatilitv distribn-

r ion. ln facr.  rhe probrbi l rrv of lo ' ing Jno or more is

approximately eight times higher for the 30% volatility

distribution.
The two distriburions do not necessadly represent

two differcnt assets; in fact, they can represent the same

asset at two difGrent points in time. Market conditions

change over time, and assets' ris! (voletilitv) profiles also

As market volatility increases' rn asset's r€turn

distdbution flattens and the tails appear to fatten, rela-

tive to their average histoical distribution As volatility

ExHIBrr  2
ComDarison of Tail Risk for Normat Distdbutions with Different Volatiliti€s
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increases, the probability ofthe asset undergoing lerye

swings also becomes much greater, and historical prob-

abilrties no longer represent actual loss potential. Tbe

tenporal curnulative effect ofvrriable volatility leads to

asymmetdc tai1s, especially negative fat tails, in asets'

rcturn disftiburions. Efficient frontier enalysis/strategic

asset allocation based on a static measure of volatility

becomes relatively usetess as a risk nanagement tool

Using Volatility to Smoolh Returns
and Manage Tail Risk

Equity volatility is not constant, implying rhat a

portfolio\ risk level (and therefore the probability of

a large draw-down) is constatrdy changing lf we can

accurately measure th€ prevailing volrtility level and

effectivety hedge againsr changes in that volatility, vr'e

can greatly reduce tail risk and potentialiy inprove rxk

adjusted returns.
Because most assets tend to exhibit volatility clus

tering, an aset\ recent (realized) volatility provides

useful inforrnarion about near term risks. As Mandel-

brot [1963] noted, "Iarse changes (inrcturnt tend to be

followed by large changes (in returnt ofeither sign, and

small changes rend to be followed by small changes " An

abundance oflitenture discusses the notable dePendence

and predicrability olrcturn volatility and its implications

on asset allocation, asset pticing, and lisk management.

Andersen and Bollerslev i19981 reviewed ihe academic

literature on ARCH/GARCH volatility models; Ghy-

se1s, Harvey, and Renault [1996] suNeyed the literature

on stochasric volatility; Franses and van Dijk [2000]
provided an overview of regirne-switching models for

volatility; and Andersen et al [2003] is an excellent

reGrence for realized-volatility models
Invesrors who use volatility for tail-risk hedging

purposes typically purchase variance swaps. Variance

swaps are over the-countet (OTC) forward contracts on

volatility, in which the buyer agrees ro swap r fi xed vad-

ance levei on a particular ma*et index for actual realized

variance fiom purchese until the matutity d,re Vxriance

swaps provide pure exposure to an asset's realized vola-

tiliry Investors use them to take views on future vola

tility, capture the spread between realized rnd implied

volatilitl and to hedge asset volatility exposure.

A rail-isk hedging strategy would involve pur-

chasing a basket ofvariance swaps on the mn*ervou're

hedging. The drawbacks: %riance swaps are relativelv

i1liquid, oiGr limited capacity, rre sublect to counter

parry risk, arc priced based on the prevailing impiied-

volatility level, and involve Paying a generous brckerage

prcmium. Most recently, these instruments have gar

nered much rttention, so overwhelming dermnd on the

long side for variance sw:ps has made them extremelv

Anolher meJnr of purcl-arrng volatr l r t r  expo'ute

is ro direct\ trade an imPlied volatility index linked

instrumenl. The VIX tndex is the often-quoted implied

volatiii.y ofiraded options on the S&P 500 index An

investor with r long position in the VIX will profit if

the level ofimplied volatiiity increases over the holding

Unlike vadance swap returns, a VIX strategy\

rcturn is not a function ofthe unde+ing asseCs rcalized

volatility, but simply the chrnge in implied volatility

The main difficulty in trading imptied volatilitv is chat

rhe spor Vl\  inde' '  r"  not rnre*able.:nd 'o inve'rors

must rcqu;e VIX exposure through futures contra'ts

(also packaged in VIX ETF{ Thesc contracrs have a

fixed maturity and therefore musr be rolled' resulting in

significant costs due to the VIX rerm-siitrciure's con-

tango nature. On the upside, VIX futures contracts are

exchange traded, and counterparry risk is much less than

on variance swaPs.

DYNAMIC EXPOSURE AND CONSTANT

VOLATILITY

Constant volatilityt under\ing principle is to

systematically rdjusl exposure to a given assec (or asset

portfolio) conditional to its current volatility, in order

to maintain a pre-specified risk level For example' if

we taryet a 12% risk level for a given assetand the assetl

cunent volatility is 20%, we would lowet our exposure

to the asset class by a commensurate amount to yield a

12% volatiliry and vice wersa if the curf€nt volatilirv is

lower than our target.
The rationale for maintaining a constant volatility is

twofold. First, most signifrcant market corrections have

been preceded by an increase in market vohtiliry Bv

conditioning their exposure market volatility, investors

can dampen che irnpact ofanarket correction. Second,

empirical evidence shows that ssset rettrrns tend to

be greater dudng periods oflow volatility. Most bull

markets have been characterized by extended pedods

of below average volatiliry Markets generallv trend

THFJouRN^L oF ?oRrForlo Ma*rcum 31



uDwards in an organized' relrtiveiy smooth pattern'

Durins these periods, investors should maximize asset

."po,'i.., t,ki"g 
"d"""tage 

ofa favorable ri'k-rewad

tradeo{f. As volatilitv increases, decrease asset exposure

to maintain the desircd tisk level'

Other authors have proven that using volatility

as r  r isk-condir ioning. porrfol io opt 'mizing ' rrategy i '

extremelv efficienl Fleming, Kirbv, rnd Ostdiek [2001'

20031 st;died the economic value of volatilirv timine

rnd found that votrtilitv-timing strategies outpedorm a

static portfolio in a mean-variance optimization frame-

work. More recentlv, CooPet 120101 defined the vota-

ul i tvofvolat ihty rovo and idenLif ied rrrding'rraregie'

urrnsleverrsed tl Fs ro Largel rhe de'ired risk exposure

rhe-rurhor concluded thar con(ranr volar i l i l ) ' t raregie'

rre rble ro profrr  f rom the up(ide of leverage wrLhout

r l t  the downside In ( f fect Cooper [20r01 found' thr '

risk smoothing can generate alpha' due ro volatiliry\

oredictabilitv.^ 
Aithough these res1llts clearly support the predict-

abiliw and use ofvolatilitv as a conditioning vadable' we

are still confronted with the Pmblem of trandrting the

prevailing volatility leve1 to a level ofportfoJio exposure'
'To 

addreis this issue, we propose an innovative rpproach

based on the payoffdistribution model (PDM) to ta€el

, .oortrot t",r.i 
"f 

po.tfolio volatilirv and control rhe

risks rclated to the distributions higher mom€nts'

THE PAYOFT DISTRIBUTION MODEL

Dybvig [1988] introduced the PDM to price and

e'.lua!€ the distribution ofconsumption for a given port-

folio. The author proposed a new performance measure

that allowed prefeienfes to depend on all che monents of

a distribution, providing a richer ftarnework for decision-

making than the traditional mean-variance approach ln

this article we e*end che PDM to a more general pofi-

lolio an<l risk-managenent methodology The PDMIets

us derive and price rny contingent claim on an under

lvine aset or aset Pool
we rlse rhe PDM to solve for the pavofffunction

thit orovides ts with the target return density condi

tional to the underlving asset's distributional properties'

ln effect, it provides us with the distortion that must

be aoolied to the underlying asset's distribution to gen

.'.teil'e desired distributional properties we emplov

the methodology proposed in Papageorgiou et al 120081

to teplicrre such distribution Payoffs by delta-managmg

the underlying aset. By construction, the aggregadon of

monthly payoffs will deliver the specified rarget densitv

over the long term.
To belin the PDM apProrch' we derive the

monthly patoff sftucture for the target distlibution'

For a constant-volacility fund, we target a normal dis-

tribution and volarilty 1evel. Once the monthly payoff

structure is determined, we dvnarnicallv adjust the port-

folio exDosure to the under\ing aset to achieve two

kev obiectives: 1) a constant volatility level' regardles

of;he;revailing voladlitv ievel in the market; and 2)

" 
normal distribution of monthly returns' in order to

"nolmalize" the fat+ailed distribution ofthe underlying

asset. In Amin and Kat [2003] , the authors showed that

eiven an underlying rsset Su,/,, with monthly returns
-e 

--- .  n"a,,rre. i  oi ' r '  ;Uur ion F,, .  there er isn a iunc

.J ' . i ! '  4 ^".2 *. t '  , t , '  , t r€ disrr ibuLion ofg (  )  is the urne

r.  rh;  dr: i ; ibur ion F,, , , . ,  1 h i '  prvoffs return funcLion 3

is calculrred u' ing rhJdrsrr ibLrr ior funcr ion F ' ,  of the

under\ing aset and the marginal dist bntion function

of the brgeted distribution Fr,,r",

The eucc expression for J is given bv

c(") = F;;,(F""*('));v' € R

Instead ofbeing written on theprice ofthe under

lvine like tmditionrl cafl and put options, this payoff

L,,iio,' p i' *;tt"" o" the underlving asset's monthlv

returns. ihn implies i more adapted pavoff function

that integrates the asset's entire risk prol e

MODIL IMPLEMENTATION

ln this section, e Present a bdefoverview ofthe

p a y o t f  d i s L r i b u r i o n  m o d e l  a n d  d e m o n * m r e  h o w  t h e

-.del can be utd ro derive che required exposure rhar

rmplemenLrng the targer rolat i l i tv "rraLegv require'

The sreps requited to genemte a synthetic fund

with a targeted no.mal distribution and constant vola-

tility are as follows:

1. Define the ffidenving asset otfund a8!1 (ifftquned) its

tri,lable proxies.We *tl]testrict our study to eqlriry

and commodity indices where listed futures con-

nacts are available-
2. Select the desircd statisri l lrcpeties oJ the tdryetfufld

We target a normai distribution of monthiy rctuml

A CoNST'NT VOdI'd FR^dWORK FOR MAN^GINC T^L RS(



and a pre specified volsdlity level to illuslra|e the

strategy's benefits.
3. Estinate the il'ily prccess aJ the u deqing B\'t tctlttl1

and infer its tuanthty distribrror' To adapt rhe meth-

odology ofPapageorgiou et al. [2008] to r dynamic

volatility envircnment, we model the daily rcturns

ofthe under\ing asets as a simple GARCH (1'1)

proces. This model lets us capturc two specific

voladlity features: the short-lerm sedal correla-

tion and the long-run mern reversion GARCH

famiiy models have been wideiy employed in the

linance industry to characterize the evolutlon

of return variability. Wc could have used rnore

adapted GARCH models, such as NGARCH or

EGARCH, bur we opted to keep the nodeling

approach relatively simple, to better highljght

advanrages of the hedging mefiodology.

The GARCH (1,1) canbe wrirtenunderthe phvs

ical measure such as:

l o g  
- u 4 -  

=  B ,  = p  I  o  ' . .  e -  i . i d . N r 0 . l )

d:  =o+Po'-  +cr(R.,  - lL) l ,  with cl+F <t

w h e r e  S . . , , . , i s  r h e  l e v e l  o t r h e  u r d e r l l i n g r s e t  ' ,  t i m e

t (in dayi and R, is the daily log-return
We estimate the parameten using standad maxi

mum-likelihood maximization. We peform the estima-

tion every month, using all avlilable dara

4. Detil,e the taryeted dkhib tia \ nonthry payaf T}re

payoG-tAe {ttncttott g-can &e Kfttcen ia dareA

form, such as:

j(x =rra.,+or,{., *. 
l.(:y)l

with x t\e monttrly undeding retum

o .  i '  r h e  m o n r h l \  t o l r t r l r r l  o f  r h e  u n d e r r y i n g

,'il"i, *, ,. ,r'. p-.it't" tevels oflore.,"red r ol.lriJirl

ofthe underlying aset al the end of the month

o."{ .  i .  rhe targered n orth v rolar i l i r r  thar wrl l

a1low the constrnt-votrtrtrt] propertY

@ is the standard normal cumulative dhtribution

functior and @-' its inverse

5. Derive the hedgins stntqy th/aughout the month ln

essence, the dynamic trading sttategy disrorrs fie

underlying asett distribution so as to generate the

desired payoft We price and derive the replica-

tion strategy by minimizing the root mean square

hedging error, using a Monte Carlo approich under

the real probabi ' i ry meJ\ure A'  a dncrete t in 'e-

hedging strategy, we comPute delca surfaces for every

trading day during *re month- The required expo-

sure is conditional to rhe undedying rsset\ GARCH

forecasted volatility and cumulative rnonth-to date

performance. For more details on ihe hedging meth-

odology, see Papageorgiou et al [2008].

IMPLEMENTING A CONSTANT VOLATILITY

OVERLAY ON A PORTFOLIO

The constant volatility framework can also be

implemented on top of an existing asset pottfolio To

do 'o,  we mu<t def ine rradable ben, h marks repre'ent ing

the assets in the portfblio and use an overlav oflong and

short futures contracts to adjust the portfoliok ma*et

exposures to target a pre specified distribution and vola

tility level.
The overlay does not in ary way impact the str:-

tegic asset- or manager-allocadon decisions or affect the

portfolio\ alpha component. It simply aims to smooth

"*oo,.,." 
,o market (be|a) risk. The strategv can be

implemented using exchange-traded futures contracts,

e im,na,rngdn) porenL:: l  l rquidr l  con'rrainr '  crpacirv

constreints, or counterpaty risk rnd offering fir1l trans-

parency with minimal tmnsactlon costs'

RESULTS

we ana\zed r globally diversified equitv podfolio'z

(40% S&P 500 Index, 35% MSCI EAFE Index' 10%o

i.usell 2000 Index. 10% MSCI EM Index, 5% S&P'l

TSX 60 Index), one witb a 12% target volatilitv level'

Ur,""r is the monthly largeted expected r-^rurn For

the sake of simpiicity, we set !"/{", = t-u"d.

U ,  . ,  r .  r \e monrhly e\Pa red rerurn ofthe rrder

t v ' " i  ^ * , . , . - p , ' . a  J s  r h e  h r ' t o n c r l  e x p e ' r e d

TREIo !d^ t  oF?oRrFouo Mnucrv t r r  33



selected because it is close to rhe median volatility level
ove! the sampie period- We provide robusrness tesrs with
respect to both the specified volatility level and the corn
position of the underlying portfolio.

Exhibit 3 illustrates rhe advanrages of imple-'
menting a 12% constant-volariliry strategy on a global
diversified equity portfolio. The shaded area disptays
t h e  c u r n u l a r i v e ' e r r r n  o f r h e  b e n c h m r r k  e q u i r )  p o r t -
folio, while rhe darker line represents the cumulative

return ofa 12% constant-volatility portfolio. To ber(er
illustrate the evolution of rhe excess rerum generered
by the consrant-volatility strategy, Exhibit 4 displays
the cumulative difference between the returns on rhe
equity portfolio and the consbnt-vola.iliry straregy over
lhe sample period.

Exhibir 5 illfftrates the out-ofsample GARCH
volatiliry modeled on rhe monthly returns of lhe
globally diversified equity porfolio returns and the

ExHrBrr 3
Cumulative Perlonnance oI the Equity Portfolio and ConBtant-Volatility Sharegy (199{F2011)
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constant-volatility straregy. The consirnt-volatility
stmtegyl realized volarility is on average slightly above
the 12% target shown on ihe gmph but is nowhere nerr
rhe u nderly ing po-trol ,ol  rer l , /ed volrr i l i ty.

Exhibit 6 displays the evohrtion of the constant-
volatility srrategy's avemge monthly exposure over the

sample period. We owerlaid a grrph ofthe volatility to
provide some rddidonal intuition irto strategy dynmics.
Dudng periods of low vol:tilitn the strxtegy offlred
an additional 50% ofexposure to the underlying port-
folio. During the highly volatile nonths oflate 2008,
the model removed nearly 80% ofthe exposure.

ExHrBrr 5
Monthly GARCH Volatility for the Equity Portfolio ,nd Constant-volatility Strategy (1990-2011)
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ExHrBrr 6
Monthly GARCH Volatitty Ior the Equity Portfolio and Average Monthly Exposure for Constant-Volatility
Strategy {I990-2011)
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Exhibit 7 stmmarizes rhe two strategies' per

formance. We compute several pertormance and risk

measures, including the SharPe ntio, omega mtto, and

95% one month value at risk. ln contrast to the Sharpe

mtio, the omega ratio introduced by Keating and Shad-

wick [2002] relaxes the hypothesis that retu'ns fol]ow a

Gaussian distdbution. This me ure lerds to a full char

acterization of the distriburion's risk-reward properties

by measuring che ovenlt impact ofall rnoments '

The numbers conlirm the constant volatility tundt

superior risk-adjuited retum: the Sharpe r:rtio inferses fton

0.26 to 0.37 and the omega ratio goes ftom 1 46 to 1.60.

The wont draw-downs an: much snulea on both a monthly

rnd anrrual basis. The conshnr volatility apFoach essentialy

eliminates the retrlm distribution's higher noments (skew

and exces kurtosis), esentially rendeing the distribution

normal. We present two common normality tests to test for

the G111sshn naturc ofthe monthly rcturns series. Both tests

exhibit high P-values for ihe cons.ant-volatilitv stntegy,

which won't a1low us to reject ihe normal distdbution

aisumption for returns at the 5% level."

Exhibit I highlights rhe performance ofthe con

stant-volatility strategy during the two largest malket

draw-do\tns during rhe sample period: the tech bubble

collapse and the recent financial crisis

EXHIBIT  7
Descriptive Statistics for Equity Portlolio
and Constant-Volatility Shat€gy (199F20fl)

E xHIB r r  8
PeIf ormance During Draw_Downs

(August 2000 to M$cn 2003)

Muin@ Montht to
Dnw-dowr Recovery

41.00%
11.32v"

27
20

(Octob€r 200? to Mrch 2009)

52.36Y'
35-16% 24

During the recent credit c sis, the conslant vola-

tiliry fund greatly reduced the draw-down As volatilitv

rose in 2008, the strategy progressively decreasedmarket

exposure to mrinlain volsrility at 12%, prcrecting the

potrfolio when markets subsequendy plunged

During the bull markets in the late 1990s and from

2002 to 2007, the sftategy actually overperformed the

base portfolio. This is because the level ofrealizedvola

tiliry during these up-rrending markets was below the

12% hrget. Added leverage brought the risk exposure

back to the desired level.
During the 2000 to 2003 recession and markei

correcdon, the strategy only provided m:rginal down-

side protection. This is not surprising, as markets drifbed

downwards over an extended p€iod of rime wilh no

sustained increrse in volatiliry

VOLATILITY REGIMES AND ASSET RETURNS

The srrategy not oniy controls risk but also reduces

it and improves returns. supporiing previous findings

by Fleming et al. [2003] that there is economic value to

volatility timing. ln this section we discuss the reasons

thathe model was so effective during the sample peiod.

by studying the relationship between market returns and

volatility rnd considering some ofthe Potendal risks of

associated with the pmPosed apPmach.
To analyze the r€lationship between risk and retum,

we use a hidden Markov modet (HMM) to identifv the

presence ofthree volatility regimes (high, medium, and

lou1 and to e{t imrte PrramerFri  for the three reg:mes

l2yr

6.84
15.65
0.26
1.,16
{ .71
1.55

100.00
,18.80

12.02
-38.94
11.01
7.85
0.10
0.21

4.22
13.34
0.31
1.60
0.2r

4.24
92.94
i .5t
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ExHrBIr  9
Volatility Regim€s for the Equity Porlfolio
(1990-2011)

t B!!* . V.l"'it'yl

Exlibit 9 Fresents the annualized rverage volatility ard

, q  . o - ,  p o r . d  n t " n . '  r r , . r  e r u l '  t l ' e -  l - t g t r e .

There is a clcar trend across $e thrce regimes The

high vol:rtiliry regime, rvhich occurs 109/o ofrhe rime.

produces rn rverage vohtilitv of 359; rnd an rverage

annualized return of-40%. Markets find then$eh'cs rn

the rncdiunr volatility regine'{'l% offie dme, $'here rbe

avcrage volatility and rverage I n nurlized renr rn are 14%

and 2910. respectively. The low volstilitv regime (469/"

probabilirl.) ofiers by far the best risk-res'ard tradeo4

Nith rn average volatility of7% al1d an aver:ge annual

ized return of23%.
At first, fii5 rclationship benveen rerurns and vola-

r , l r t ' r r  i g r t  - " r  r '  n n r  r ' n r '  -

tent \\.ith financial dreory. ln modern potfolio theorl',

cxpected returnr-not actual returns-are rclatecl to

rnk. \(then rnk rncreases. prices should decline, to oftir

investors higher exPected returns. Actual retrrns shonld

be lorv *'hen risk goes up. so thar cxpe*ed terurns rre

higher. lxhibit l0 demon\trates dlat bull markets tendro

last longer and develop over tinle, $ marke. pnrtrclpat ts

bccome increasingly confident in equiry returns These

drawn out pcriods ofpositive retur,rs rnd ios'volarrlitv

generltc very signifrcanr capital aFpreciatio

in fact, most of the rrsk prefrium Providcd bv

equity markcts is extracted during rhese periods oflow

volatility. ln conrrast, most major market dcclines are of

short duration .rnd develop rapidlv, as ferr takes hold of

rnarker participants. The sharp dra*downs:re therefore

much rrore dramatic, wirh markedlv higher volatility

Although this rcla.ionship between retunis and

volatilit,v is robust and undoubtedlv nnproves risk ad-

ExHIBIT  10
Cumulative Retums and Volatility Regimes Ior the Equity Portfolio
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E xHI BIr  11
Constant-Volatiliiy Strategies for Dilferent Target Volatilities (1990-2011)

r6y,

5.30 6. l t  1 .4r

6.44 8.86 ll.L2

2.51 1.48 4.51

37.53 21.33 16.41

3€.3{ 37,40 50.00

8.22 9.45
13.34 15,1?
- 5.43 -6.24

2544 21.49
45.90 50.00

9.71 11.12 11.05

11.77 19.90 22.12
.7 ,23 - 7 .97 -8.99

24.46 r3.t',l 7295

50.00 24.00 50.00

6.84
15.65
-?.85

0.10
0.27

jusred returns over the long term ofany voialility con-

tml stntegy, it is by no means a necessary condiiion for

such a strategy to improve long-term performance

Under some merket conditions, a corutant-volatiiity

stracegy could hurt returns. For instance, depending on

the volatility ta€el, the model couid be levered during

an extended peliod oflow volatiliry and lower-trcnding

markets, resulting in a Potendally large' dr.w-down

The approach would also deliver smailer rcturns (but not

necesarily on a rnk-adjusted basis) ifmarkets increased

with high volatility. as the model would not be fullv

ROBUSTNESS TO TARGET VOLAIILITY

Exhibic 11 shows the results of a larget volatility

stnregy that tagets normal disrributions and volatili-

ties, ranging from 6% to 20%, for the global diversified

equiry portfolio.
The results are robust to difGrent target volatility

values, although rerlized fund volatilities are slightlv

higher than ta4etedvalues. This is because the strategyi

monthly profits and losses :rre reinvested in the fund.

These out-of-sample results incorporate implementrtion

constraints, including fimncing and management costs,

and support the model's $ility to genemre the desired

risk profile. Regardless ofthe tatget volatility level, 'll

funds' rnonthly returns pass normality tests when we

use this approach.
In analyzing Exhibit 11, we implemented the con

stant voladlity strategy on a globally divenifled index

portfolio and demonslrated the methodology\ robust-

nes for different tatget volatilities. Volatility changes

for a globally diversified Portfolio crn come from two

sources: changes in the volatility ofone or more indices,

andlorchanges in cotrelations between the indi.es The

38 A coNsrtNr-volArrlrY FRAMEVoMFoR MlNrcrNc 'IaIL 1L6(

proposed apprGch models the portfblioi overall real

ized votatility, it captures both these sources ofvola-

tility shifts. The approach does no. seek to disentangle

these rwo factols. Its focus is uniquely onmeasunngand
adjusting exposure in response to changes in pofifolio-

level risk. This rnakes the model both parsimonious and

ROBUSTNESS TO INDICES

To illustrate the elfectiveness ofrhe constant vol-

atiliry epproach |o managing tail risk and normalizing

retun distributions, we imPlement the slrategy on var

ious c+1ity indices and the GCSI commodity index on

an out-oFsample basis fromJanuary 1990 to Decernber

2011. Exhibit 12 shows the results. For all assers we

rarget a normal distribudon with a 14% monthly annu-

alized voladlity.
These results strongly support rhe benefits of a

constant vohtility framework. Relurn normalizrtion
is the most notable ftansformation lo assets' statistical

properties when wc implemeni the payoff distribution

model. In all cases. both skew and exces kurtosis are

greatly teduced; bo$ the Jarque-Bera and T.illiefors

rests indicate that the rerurns are Gaussian. Correlations

between the constant volatility lunds and their under-

l y i n g a s e t ' a - e  a l w : v .  g r . r r e ,  r h d n  q 0 0 ' . d e m o n ' r ' , r i n g

rhar rhe dynamic leverage does not dramrtically alter

rhe nature oflhe return series. It simply smoothes the

volatiliry exPoslire over time

The 14% constant-volatiliry funds tend ro under
perform the underlying indices due to lower rerlized

volatiliry levels but deliver a stperior ftk adjusted

rerurn. Maximum draw-downs arc greatly reduced

acros ail asets, demonstrating the impotlant role that

controlling volatility can play in reducing tail risk.
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CONCLUSION

Since the coiiapse oflehrnan Brothers in 2008,
tail-dsl hedging has become an increasingly rmporrant
concern for investors. Traditional approaches, such as
purchasing options or variance swaps :s in
otien er.pensive, illiquid, and result in a subsrantial drag
on pe. lorm"nce. When \olrr i l i , )  \ rrre.  ove, r i .ne. r55er
returns have been shown to behave in a non normal
fashion, which increases the likelihood ofnegative tail
events for portfolios that maintain static asset allocarion
{ Tore co..-efG, n\e. pruden, rpp'orch Lo rrJnJging
risk involves actively managing portfolio exposure,
xccording to the prevailing volatility levels within the
underlying assets, to maintain a constant risk exposure.
Our mbust methodology is based on Dybvigt [1988]
payoff dishibution model and.argets a constant volatiliry
level, normalizing monthly rerurns- This approach to
ponfolio and riskmanagement can help investon obtain
desired risk exposures over the short and long term,
reduce raii-risk exposure, and (in seneral) increase rhe
portfolio's *k-adjusted perfbrmance-

ENDNOTES

The euthols wish to acknowledge Prviiion Advisoiy
Group Ltd. for its suppo.t as well .s the Pavilion Advisoly
Group Ltd. Quanrnative Research and lnstirurional Con
sultihg teams lbr theil inpr:t and comments.

Orhpr r .er.  rse,. . . .  h r ' \  h"oCe rdnd. D , i .eequi,y.
infrastiucture rnd commodities, have, on occasion, provided
some protection against marketdrew dowh, but no evidence
supports their inclusioD in a portlolio as a effecrive tzil-risk
hedge.

'zFor the sake ofsimplicity, we assune the portfolio is
fully curency hedged.

rThe onega measure, Q, involves partitiomns rerurns
into loss and gain, above and below a given threshotd. The
ratio is calculated as:

. l ' . \  J i 'Fr i r '
. ,  

J  ! -FC)&

where F is the cumulative distriburion funcriur aro ' ne
threshold that divides rhe gain ftorn the loss. tn ob case, /

aFor a complete description ofthe nomality tesrs we
used, refer toJarque and Bera [1980] and Lilliefors [1967].
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